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1 Spherical trigonometry

1.1 Introduction

This chapter aims to introduce a code that — for any given latitude and any given day of the year —
can calculate the inclination of the sunrays and the hours of dawn and dusk. To do that, we must solve
a series of problems of spherical trigonometry and give a mathematical definition for dawn and dusk.

1.2 Coordinate systems and angles

Let the origin of the coordinate system O; x, y, z be the centre of the Sun. The green plane (plane xy)
is the plane of the orbit of the Earth around the Sun. The centre of the Earth is Q while the coordinate
system Q; &',n’', " is integral with planet Earth. The coordinate system Q; &,n, {, on the other hand,
maintains the same orientation, while Earth rotates around the Sun. The inclination of the axis of the
Earth with respect to ¢ is given by &. The latitude is A. The angle 6 defines the day of the year, while
the angle ¢ + y gives the hour of the day. Given these settings and the orientation of the tilting angle
with respect to O; x, y, z in Figure 1, we have:

(0 = 0 « winter solstice (21/22 December)
0 = g « spring equinox (20 March)
Eg.1 0 = m « summer solstice (21 June)

0= 3?” < autumn equinox (22/23 September)

1.3 Unit vector orthogonal to the surface of the Earth

We aim to calculate the angle between sun rays and the unit vector 7, which is orthogonal to the
surface of the Earth in point P. To accomplish that, we just need to find the expression of 7 with
respectto O0; x,y,z. In Q; &',n’, {’ the expression of 7 is

A= —cosAsiny & + cosAcosy &, + sinA &5

Let’s now find the relationships between €7, €5, €5 and £&;, €,, ;. We have:

&1 =cosd & +sindé; & cos 5 sin 811
Eq 2 é\é == éz = 82 0 éz
&5 =—sind & +cosd é; &5 —sm6 O cos &

So, the expression of 7 with respect to Q; &, 1, is
fl = —cosAsiny (cosd & +sind &) +cosAdcosy €, +sinA(—sind & + cosd &) =
= —cosAsiny cosd & —cosAsinysind €; + cosAcosp €, —sindsind € + sindcosd é; =
Eg.3 A = —(cosAsiny cosd + sindsin§)é; + cosAcosyp é, + (sindcosd — cosAsinip sin §)é;

Now, how can we express &;, €,, €5 in function of é;, é,, €3?



€& =6 €1 -1 0 0][é

Eq 4 éz == —éz = é\z = 0 —1 0 éz
é3 = é3 é3 O 0 1

This means that the expression of 7 with respect to O; x, y, z is

Eq.5 7 = (cosAsinycosd + sinAsind)é; — cosAcosy é, + (sinAcosd — cosAsiny sin §)é;

North Pole

— Sun

Equator ——
Figure 1. Coordinate systems and angular coordinates used in this paper.
1.4 The inclination of Sun rays with respect to 1

The angle y between sun rays and 7 can be calculated considering the unit vector

Eqg. 6 7 =—cosfé —sinfé,
We have
Eq.7 cosy =1 - =—(cosAsiny cos§ + sin Asin §) cos 8 + cos A cos P sin 6

This angle is equal to g during dawn and dusk, while its cos reaches its highest at noon. In order to
calculate ¢ we consider that cos(¢ + ) = #' - ', It is easy to find A"

~; __ —cosAsinyp&]+cosAcospe)

/cosZ Asin2 y+cos2 A cosZ

Eq. 8 = —siny & + cosyP &



As for 7', we have to express 7 with respect to Q; ¢',n’, {’, so that we can consider its projection on
the plane ¢'n’. Let’s consider the expression with respect to Q; ¢',n’, . From EqQ. 4 we get:

é, -1 0 014 -1 0 014
é&|=10 -1 0 Ll=10 -1 o0f|l&|=
é; 0o o0 1l lg 0 o0 1llg

=7 =cos0 & +sinbé,
On the other hand, from Eq. 2 we have

cos6 O sind1 1 |é1 cos§ 0 —sind]|é1
ez = 0 &l=1 o 1 0 &=

—51r16 O cosé &5 sind 0 cosd 1]&;

[y

= 7 =cos6 (cosd & —sind &) +sinfh & = cosO cos§ € +sinf €, —cosOsind €5 =

PN . N
Eq. 9 P COSHCOS5£1+SII’?982
Vcos2 0 cos2 §+sinZ @

So, we can conclude that

cos P sin —sin cos B cos§

Eq. 10 cos(p +y) =7 -’ = VcosZ 0 cos? 6+sin2 0
and also

"l a1 sin 6
Eqg. 11 cos(p) =7'-& =

Vcos? 6 cos2 6+sin? 0

1.5 Change in coordinates

In order to get a representation of the system in Figure 1 made by the computer, we have to express
all the elements with respect to O; x, y, z. From Eq. 2 and Eq. 4 we get:

& cos§ 0 sind][-1 0 0][é
&= 0 1 0 ][O -1 0][@2]:>
&3 —sind 0 cosdlLO0 0 11L&
& —cos§ 0 sind][é
Eq. 12 al= o -1 o ”ézl
&3 sin § 0 cosdlle

Hence, if we indicate R the radius of the orbit around the Sun (we’ll assume a circular orbit) and if p
is the distance of a generic point Q from (, then the coordinates of Q with respect to 0; x, y, z can be
calculated as follows:

®=m+Q—Q)=RCOSBé1+RSin9é2 + pfl =
=RcosBé +Rsinfé, —pcosisinpé] +pcosdcospé), +psindé; =
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=Rcosf6é +Rsinfé, —pcosAsiny (—cosdé; +sind éz) +pcosicosy (—é,) +
+psinA(sind é; + cosdé;) =
= Rcosfé; +RsinfBé, + pcosAdsinycosdé; —pcosidsinysind é; —pcosAcosy é, +
+psindsind é; + psindcosé é; =
pcosAsiny cosd + psindsind + R cos 6
Eq. 13 0Q = Rsin@ — p cos A cosy
psinAdcosd — pcosAsiny sind

By substituting in these coordinates p with the radius of the Earth (let’s say pg), we obtain the
coordinates of P. For A’ we have

N cosA .~ cosA N
n' = —lCOSMsmv,lJez1 +mcos¢s2 =

cosA | W 56, +sins ) cos A
= — siny (—cosd é; +sinéd é;) —
|cos A| 1 3

cosyé, =
| cos | Ve

cos A

cos A s
|cos 7|

| cosA|

Eq. 14 fr = o8l siny cos§ é; —

|cos 1|

cosyp é, — siny sin § é;

1.6 Parallels and Equator

The parametric equations of the equator can be obtained from Eq. 13 by puttingA =0, p = pg,asy
goes from zero to 2:

Eq. 15

X = pgsiny cosd + Rcos b
E: {y = Rsinf — pg cosyY , Y € [0,2m]
z = —pgsinasind

Similarly, the parallel corresponding to a latitude A is:

Eqg. 16 y = Rsinf — pg cos Acos Y , Y€ [0,2m]

X = pg cosAsiny cosd + pg sinAsind + R cos 6
:P/'L:{
Z = pgsSinAdcosd — pg cosAsiny sin§

1.7 The half in darkness

What about the circumference that separates the half of the Earth which is in darkness from the other
half? It can be found as the intersection between the plane defined by # (let’s say ) and the sphere
of the Earth. Let’s consider the unit vector ¥ = sin 8 é; — cos 6 é, which is orthogonal with 7, then

we can write 7: 0 + hés; + kv, with h, k € R. So, we have:

x =Rcos8 +ksinf
Eq. 17 m:{y = Rsinf —kcosf, VhkeR
z=nh



To obtain the equation of the above-mentioned circumference (let’s say C), we must impose that
|heés + kD| = pg:

\/k2+h2=pE:>k2+h2=p§:>k=i/pé—h2:>

(x:Rc059+ ’pf;—hzsine
Eqg. 18 Cy: , h€|—p.p
"1y = Rsing - /pf,—hzcose (=]

zZz=h

x=Rcosf — /p%—hzsine
Eqg. 19 C,: , hE€|—p.p
y =Rsin6 + /p%—hzcose | g E]

zZz=nh

where C, is half of the circumference C and C, is the other half. More generally, we can find the
equations of the half-sphere that is in darkness. We have m: 0Q — #1 4+ hé; + k¥, which means:

Eq. 20 y =Rsin@ + Isinf —kcosf, VhkeRVIE]IO,pg]

x =Rcos@ +1lcosO + ksinf
'
z=nh

In this case, we have the condition:

VKZ+h2=(ps —D) > k2 + k2 = (py — D)2 > k = +/(p; — D2 — hZ =

= (R+1)cosf + —D?—h?sin6
i o x=( )C.OS (pe =D S h € [—(pg =D, (pg — D]
g. 1y =R +1Dsin6 —/(py — )? —h?cos b L€ [0, pe]
z=nh
=(R+1)cos — —1?—h*sinb
o o[ (R +1)cos (op =) SY b e [=(op — D), (pp = D]
g. 2y =R+ Dsinb +/(pg —1)? —h?cos 6’ L€ [0, pgl
z=nh

1.8 Dawn and dusk

In order to find the values of i (let’s say 1p,and ) for the dawn and the dusk at the latitude of
choice, we have to find the two points that ¢, and C, have in common with P;:

pr cosAsiny cosd + pgsindsind = /p,% — h?sin @

Ci NPy s
VU ppcosAcosy = pZ — hZcos

pp(sinAcosd —cosAsinysind) = h



cos Asiny cos S +sinAsin§ = /1 — (sinA cos § — cos Asinp sin §)2 sin 6

€9 cosAcosy =+/1— (sinAcosd — cosAsiny sin §)2 cos O
pp(sinAcosd —cosAsinysind) =h

cusk

cdawn 5

SE

Figure 2. All the geometric elements discussed above are here plotted for the autumn equinox and for the latitude of Rome (about 42°).
WS: winter solstice. SE: summer equinox. SS: summer solstice.

For 6 = ig,nwe have

cosAsiny cosd + sindsin§ = cosy sin O cos A =
cos 6
Eq. 23 cos A (cosy, sin@ — siny; cos B cos ) = sind cos O sin§
In the same way, we find that
Eq. 24 cos A (cos, sinf — siny, cos B cos§) = sinAcos B sind

Now, considering Eq. 10, we have

sinAcosfsiné
cos AWcos2 6 cos? §+sin2 6

Eq. 25 cos(p, + ;) = cos(p +Y,) = ,for@;tig,/liig

This relationship proofs that dusk and dawn are symmetric with respect to noon. It is easy to realize
that Eq. 25 continues to be true for 6 = + g

1.9 The codes

All that said, we can write the following two codes in MATLAB. The first one (CODE 1) plots frames
like the one in Figure 2, one for each day of the year, and they can be uploaded in a movie editor (like
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for instance VSDC, a free source complete software for video editing) in order to build an animation
of the rotation of planet Earth around the Sun.

% file name = animation_3
% date of creation = 18/10/2019
% circular orbit

clear all

% conversion of units of measurments

N = 20; % dots for the equator
R=3.8; % radius of the orbit
ro_E=1.3; % radius of the earth
lambda = 41.9109*pi/180; % latitude (radiants)
delta = 23.45*pi/180; % tilt angle

theta(1) = 0; % winter solstice (21/22 December)
i_ws=1;

day = 2*pi/365;

fori=2:366

theta(i) = theta(i-1) + day;
if (abs( theta(i) - (pi/2) ) <= day )
i_se=i; % spring equinox (20 March)
endif
if (abs( theta(i) - pi ) <= day)
i_ss=i; % summer solstice (20/21 June)
endif
if (abs( theta(i) - (3*pi/2) ) <= day )
i_ae=i; % autumn equinox (22/23 September)
endif
endfor
% angle psi
psi(1) = 0;
minute = pi/(12*60);
fori=2:(24*60)+1
psi(i) = psi(i-1) + minute;
endfor
fori=1:366
% axes
figure (i)
plot3 ([0, R/2], [0, 0], [0, 0], '-k', "linewidth", 2)
text (R/2+R/15, 0, 0, "x")
hold on
plot3 ([0, 0], [0, R/2], [0, 0], '-k', "linewidth", 2)
text (0, R/2+R/15, 0, "y")
hold on
plot3 ([0, 0], [0, 0], [0, R/2], '-k', "linewidth", 2)
text (0, 0, R/2+R/15, "z")
text (-0.2, -0.2, 0, "Sun")
hold on
% orbit
X(1:366) = R*cos(theta(:));
Y(1:366) = R*sin(theta(:));
Z(1:366) =0
plot3 (X, Y, Z, ":k', "linewidth", 2)
text ((R+R/5)*cos(theta(i_se)), (R+R/5)*sin(theta(i_se)), 0, "SE")
text ((R+R/5)*cos(theta(i_ss)), (R+R/5)*sin(theta(i_ss)), 0, "SS")
text ((R+R/5)*cos(theta(i_ae)), (R+R/5)*sin(theta(i_ae)), O, "AE")
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text ((R+R/5)*cos(theta(i_ws)), (R+R/5)*sin(theta(i_ws)), 0, "WS")
hold on
colormap ([0,0,0])
[x, v, z] = ellipsoid (R*cos(theta(i)), R*sin(theta(i)), 0., ro_E, ro_E, ro_E, N);
mesh(x, vy, z);
axis equal;
hold on
% vectorr
plot3 ([0, R*cos(theta(i))], [0, R*sin(theta(i))], [0, 0], ":k', "linewidth", 2)
hold on
% the Erath's axis of revolution
plot3 ([R*cos(theta(i)), R*cos(theta(i))+2*ro_E*sin(delta)], [R*sin(theta(i)),R*sin(theta(i))], \
[0, 2*ro_E*cos(delta)], ":k', "linewidth", 3)
hold on
plot3 ([R*cos(theta(i)), R*cos(theta(i))-2*ro_E*sin(delta)], [R*sin(theta(i)), R*sin(theta(i))], \
[0, -2*ro_E*cos(delta)], ":k', "linewidth", 3)
% the equator
alpha = [0:(2*pi/N):2*pil;
X =ro_E*sin(alpha)*cos(delta) + R*cos(thetal(i));
Y = R*sin(theta(i)) - ro_E*cos(alpha);
Z =-ro_E*sin(alpha)*sin(delta);
plot3 (X, Y, Z, '-k', "linewidth", 2)
hold on
% parallel of choice
ro=ro_E;
X = ro*cos(lambda)*sin(alpha)*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y = R*sin(theta(i)) - ro*cos(lambda)*cos(alpha);
Z =ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(alpha)*sin(delta);
plot3 (X, Y, Z, '-k', "linewidth", 2)
hold on
% shadow of the night
| = [0:(ro_E/N):ro_E];
for t=1:N
ro = sqrt( (ro_E*2) - (I(t)*2) );
h = [-ro:(2*ro/N):ro];
for s=1:N+1
X(s) = (R+l(t))*cos(theta(i)) + sin( theta(i) )*sqrt( (ro”2) - (h(s)*2) );
Y(s) = (R+I(t))*sin(theta(i)) - cos( theta(i) )*sqrt( (ro*2) - (h(s)"2) );
Z(s) = h(s);
endfor
plot3 (X, Y, Z, '-k', "linewidth", 2)
hold on
for s=1:N+1
X(s) = (R+l(t))*cos(theta(i)) - sin( theta(i) )*sqrt( (ro”2) - (h(s)*2) );
Y(s) = (R+I(t))*sin(theta(i)) + cos( theta(i) )*sqrt( (ro*2) - (h(s)"2) );
Z(s) =h(s);
endfor
plot3 (X, Y, Z, '-k', "linewidth", 2)
endfor
% scalar product between nand r
for j=1:(24*60) + 1
% unit vector n
ro=ro_E;
X_n (1) = ro*cos(lambda)*sin(psi(j))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y_n (1) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j));
Z_n (1) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j))*sin(delta);
ro=ro_E+ro_E/2;
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X_n (2) = ro*cos(lambda)*sin(psi(j))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y_n (2) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j));
Z_n (2) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j))*sin(delta);
scalar_p(j) = [cos(lambda)*sin(psi(j))*cos(delta) + sin(lambda)*sin(delta)]*( -cos(theta(i)) )+\
[cos(lambda)*cos(psi(j))]*( sin(theta(i)) );
endfor
% noon, dawn and dusk
for j=1:(24*60) + 1
if ((scalar_p(j) ) == ( max(scalar_p)))
j_noon=j;
psi_noon (i) = psi(j);
endif
if (abs( scalar_p(j) ) == min( abs(scalar_p) ) )
i1=j;
endif
endfor
for j=1:(24*60) + 1
if (abs(scalar_p(j) ) == min( abs( [scalar_p(1:j_1-1), scalar_p(j_1+1:(24*60) + 1)] ) ) )
i_2=j;
endif
endfor
% angle (fi + psi) at dawn and at dusk
cos_fi_psi_num = sin(lambda)*cos(theta(i))*sin(delta);
cos_fi_psi_den = cos(lambda)*sqrt( [( cos(theta(i))*cos(delta) )*2] + [sin(theta(i))*2] )
cos_fi_psi = cos_fi_psi_num/cos_fi_psi_den;
fi_psi_dusk = acos( cos_fi_psi );
fi_psi_dawn = - acos( cos_fi_psi );
% the timing of dusk and dawn
h_dawn(i) =12 + ( ( ( fi_psi_dawn )/minute )/60 );
h_dusk(i) =12 + ( ( ( fi_psi_dusk )/minute )/60 );
% plotting of unit vector n at dawn, noon, and dusk
% unit vector n noon
ro=ro_E;
X_n (1) = ro*cos(lambda)*sin(psi(j_noon))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y_n (1) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j_noon));
Z_n (1) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j_noon))*sin(delta);
ro=ro_E +ro_E;
X_n (2) = ro*cos(lambda)*sin(psi(j_noon))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y_n (2) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j_noon));
Z_n (2) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j_noon))*sin(delta);
plot3 (X_n, Y_n, Z_n, '-k', "linewidth", 2)
text (1.2*X_n(2), 1.2*Y_n(2), 1.2*Z_n(2), "noon ")
% unit vector n_1
ro=ro_E;
X_n (1) = ro*cos(lambda)*sin(psi(j_1))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(thetal(i));
Y_n (1) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j_1));
Z_n (1) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j_1))*sin(delta);
ro=ro_E +ro_E;
X_n (2) =ro*cos(lambda)*sin(psi(j_1))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y _n (2) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j_1));
Z_n (2) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j_1))*sin(delta);
plot3 (X_n,Y_n, Z_n, '-k', "linewidth", 2)
% unit vector n_2
ro=ro_E;
X_n (1) =ro*cos(lambda)*sin(psi(j_2))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y _n (1) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j_2));
Z_n (1) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j_2))*sin(delta);
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ro=ro_E+ro_E;
X_n (2) = ro*cos(lambda)*sin(psi(j_2))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(thetal(i));
Y_n (2) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j_2));
Z_n (2) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j_2))*sin(delta);
plot3 (X_n, Y_n, Z_n, '-k', "linewidth", 2)
save the frame
name = ["frame", int2str(i),".jpg"];
print (figure(i), name)
endfor
h_dawn(i)
h_dusk (i)

=
w

hour of the day

=
o

| m— hour at dawn

| hour at dusk

| amann hours of light

Figure 3. Hours of dawn and dusk for each day of the year, for a latitude of about 42°. The length of the day is also plotted.

The second plots the hour at dawn, the hour at dusk, the hours of light per day, and the height of the
sun on the horizon, for each day of the year at the latitude specified by the user. In Figure 3 you find
the hour of dawn and dusk and the length of the day for each day of the year, for a latitude of about
42°. In Figure 4, the height of the sun on the horizon is plotted, for the same latitude. In Figure 5 you
find the hour of dawn and dusk and the length of the day for each day of the year, for a latitude of
about -32°. In Figure 6, the height of the sun on the horizon is plotted, for the same latitude.
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Latitude: 41.911 degrees

heigth of the sun at noon (degrees)

Figure 4. Height of the sun on the horizon for each day of the year at a latitude of about 42°.

Latitude: -32 degrees

EETE LR e

-
(&)}

hour of the day

-
Q

e,

* hours of:light:

Figure 5. Hours of dawn and dusk for each day of the year, for a latitude of about -32°. The length of the day is also plotted.

13



Latitude: -32 degrees

21/22 Deé¢.

80
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heigth of the sun at noon (degrees)
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.........

20

Figure 6. Height of the sun on the horizon for each day of the year at a latitude of about -32°.

CODE 2

% file name = till_dusk_2
% date of creation = 14/10/2019
% circular orbit
clear all
% conversion of units of measurments
N = 20;
R=3.8;
ro_E=1.3;
lambda = 41.9109*pi/180;
delta = 23.45*pi/180;
theta(1) = 0;
i_ws=1;
day = 2*pi/365;
days =[1:1:366];
fori=2:366
theta(i) = theta(i-1) + day;
if (abs( theta(i) - (pi/2) ) <= day )

i_se=i;
endif
if (abs( theta(i) - pi ) <= day)
i_ss=i,
endif
if (abs( theta(i) - (3*pi/2) ) <=day)
i_ae=i;
endif
endfor
% angle psi
psi(1) = 0;

minute = pi/(12*60);

% dots for the equator

% radius of the orbit

% radius of the earth

% latitude (radiants)

% tilt angle

% winter solstice (21/22 December)

% spring equinox (20 March)

% summer solstice (20/21 June)

% autumn equinox (22/23 September)
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fori=2:(24*60)+1
psi(i) = psi(i-1) + minute;
endfor
% hours
index = 366;
for i=1:index
for j=1:(24*60) + 1
% unit vector n
ro=ro_E;
X_n (1) = ro*cos(lambda)*sin(psi(j))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y_n (1) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j));
Z_n (1) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j))*sin(delta);
ro=ro_E+ro_E/2;
X_n (2) = ro*cos(lambda)*sin(psi(j))*cos(delta) + ro*sin(lambda)*sin(delta) + R*cos(theta(i));
Y_n (2) = R*sin(theta(i)) - ro*cos(lambda)*cos(psi(j));
Z_n (2) = ro*sin(lambda)*cos(delta) - ro*cos(lambda)*sin(psi(j))*sin(delta);
% scalar product between nand r
scalar_p(j) = [cos(lambda)*sin(psi(j))*cos(delta) + sin(lambda)*sin(delta)]*( -cos(theta(i)) )\
+ [(-1)*cos(lambda)*cos(psi(j))1*( -sin(theta(i)) );
endfor
% value of psi at noon
for j=1:(24*60) + 1
if (( scalar_p(j) ) == (max(scalar_p)))

j_noon =j;
psi_noon (i) = psi(j);
endif
endfor

% angle (fi + psi) at dawn and at dusk
cos_fi_psi_num = sin(lambda)*cos(theta(i))*sin(delta);
cos_fi_psi_den = cos(lambda)*sqrt( [( cos(theta(i))*cos(delta) )*2] + [sin(theta(i))"2] );
cos_fi_psi = cos_fi_psi_num/cos_fi_psi_den;
fi_psi_dusk = acos( cos_fi_psi );
fi_psi_dawn = - acos( cos_fi_psi );
% the timing of dusk and dawn
h_dawn(i) =12 + ( ( ( fi_psi_dawn )/minute )/60 );
h_dusk(i) =12 + ( ( ( fi_psi_dusk )/minute )/60 );
% hours of light
h_light (i) = h_dusk(i) - h_dawn(i);
% angle between n and r at noon
angle_noon (i) = acos( scalar_p(j_noon) )*180/pi;
% heigth of the sun at noon
angle_noon_2 (i) =90 - angle_noon (i);
endfor
% title
tit = ["Latitude: ", num2str(lambda*180/pi)," degrees"];
h_dusk(21)= ( h_dusk (22) + h_dusk (20) )/2;
h_dawn(21) = ( h_dawn(22) + h_dawn(20) )/2;
h_light (21) = h_dusk(21) - h_dawn(21);
% plotting
figure (2)
plot (days(1:index), h_dawn(1:index), '-k', "linewidth", 2)
hold on
plot (days(1:index), h_dusk(1:index), ":k', "linewidth", 2)
hold on
plot (days(1:index), h_light(1:index), '--k', "linewidth", 2)
grid minor on
xlabel('days');
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ylabel('hour of the day');

legend (‘hour at dawn', 'hour at dusk’, 'hours of light',"location",'SOUTHWEST')
hold on

plot ([i_se,i_se], [0,22], '-k', "linewidth", 2)
plot ([i_ss,i_ss], [0,22], '-k', "linewidth", 2)
plot ([i_ae,i_ae], [0,22], '-k', "linewidth", 2)
plot ([366,366], [0,22], -k, "linewidth", 2)
title (tit)

text (1, 23, "21/22 Dec.")

text (i_se, 23, "20 March")

text (i_ss, 23, "21 June")

text (i_ae, 23, "22/23 Sept.")

text (366, 23, "21/22 Dec.")

figure (3)

plot (days(1:index), angle_noon_2 (1:index), '-k', "linewidth", 2)
grid minor on

xlabel('days');

ylabel('heigth of the sun at noon (degrees)');
axis ([0,400, 20, 90])

hold on

plot ([i_se,i_se], [0,80], '-k', "linewidth", 2)
plot ([i_ss,i_ss], [0,80], '-k', "linewidth", 2)
plot ([i_ae,i_ae], [0,80], '-k', "linewidth", 2)
plot ([366,366], [0,80], '-k', "linewidth", 2)
hold on

text (1, 81, "21/22 Dec.")

text (i_se, 81, "20 March")

text (i_ss, 81, "21 June")

text (i_ae, 81, "22/23 Sept.")

text (366, 81, "21/22 Dec.")

title (tit)
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2 Solar radiation, a theoretical model

2.1 Introduction

In this chapter, we will describe the physical properties of the electromagnetic radiation that our
planet receives from the Sun. We shall study this radiation just outside the atmosphere, as a first step.
We shall then add the effect of the atmosphere, which depends on the angle y introduced in Eq. 7. At
the end of this work, we shall dispose of a code that gives us the power, per unit area and unit
wavelength, that the Sun deliver at sea level at noon, in function of the latitude, the day of the year,
and the wavelength. In the present chapter, we rely mainly on mathematical models for all the physical
phenomena involved.

But, if we have empirical data, why wasting our time in building a mathematical model? It is not a
waste: building a mathematical model will be a way to better understand the mechanism behind this
phenomenon. Even if we are likely going to discard it, in favour of the empirical one, we are going
to learn a lot about solar radiation on planet Earth in the process.

Z

Figure 7. Symbology used in this paper for the transmission of radiant energy from Sun to Earth.
2.2 Angular monochromatic emissive power

Bodies can exchange energy from one to the other by means of electromagnetic waves. This form of
energy emitted by bodies is called radiant energy. For a complete discussion of radiant energy you
can read (1) or (2); we are here interested only in those definitions and concepts strictly necessary to
elaborate a model for the radiant energy emitted by the Sun.

Let’s consider the surface dS on the Sun (Figure 7), an elementary surface around point Q whose
coordinates with respect to 0;x,y,z are (Rgy,n cos B cosa,Rg,, cosfsina,Rg,, sin ). Let’s
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indicate dW(L, a, B, fQP)The power emitted by it along the direction QP (7p is the unit vector of
@75). Then, we define angular monochromatic emissive power of dS the following quantity:

aw(L,a,B,?qp.T)
dQ-dL-dS-cos(ysy)

Eq. 26 os(L,a, B, 7gp, T) =

where dS - cos(ysy) is the surface orthogonal with respect to 0P, T is the absolute temperature of
the surface of the Sun, while dQ is the solid angle within which we are considering the emission. We
can assume, as a simplification, that whatever the values «, § are, the emission is the same. So, we
have:

aw(L,fop.T)
dQ-dL-dS-cos(ysy)

Eq 27 Us(L,f'Qp, T) =

If for instance, we consider the emission by dS that hits a surface dS, around point P, we have for
the solid angle:

E 28 dﬂ _ dSP'COS(VHS)
q' - P2

2.3 Monochromatic emissive power

The emission within the hemispace in front of dS is called monochromatic emissive power and it is
indicated e5(L, a, B). It is given by:

Eq. 29 &s(L,T) = [ pispace 9 (L Top, T)cos (Vsn) A

Z

Figure 8. Mobile coordinate system, centred in Q.

In order to calculate this integral, we need a further coordinate system, centred in Q (Figure 8). We
have:
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2 2
dﬂ = Sin¢1d¢)1d¢2 = Es(L, T) == f fz Us(L, f‘Qp, T)COS¢1Sin¢1d¢1d¢2
0 0

Assuming that the emission from dS is the same in each direction, we can write:

2 2 z
es(L,T) = a5(L, T) f f “cos¢ysing dddd, = —2mas(4,T) f “cospid(cosdy) =
0 0 0

Eqg. 30 &(L,T) = mos(L,T)
2.4 Sun emissive power outside the atmosphere

Now, assuming that the Sun is a black body, according to Plank’s law we have
L S

T
L5<eLTS—1>

where T is the absolute temperature of the surface of the Sun, and where C; = 3.7415 - 10~ *Wm?
and C, = 1.4388 - 1072mK (2). For T we can assume a value of Tg = 5875 K (3). If we now
consider Eq. 27, Eq. 28, Eq. 31, we have

Eq. 31 eo(L) =

C, dw (L)
= (et
LS (eLCTZS - 1) dSP.CQi:z(VHS) ~dL - dS - cos(ysy)
Eq. 32 AW (L) = —25Ws8__ 45, cos(yys)dLdS

nLS(em—1>W2

Now, given the huge distance between the Sun and planet Earth, with respect to the diameter of both
the Sun and the earth, we can assume that cos(yys) =7 fippon and cos(ysy) = —7 « Agyn.
Moreover, we can assume that QP is the distance between Sun and Earth (09Q). So we have:

aw(L) _ G (P Asun)

(FRinoon)dSpdL Cs
L5

ds
em—1>m2

Eq. 33

We have now to integrate on the surface of the Sun that faces the Earth (which is half a sphere). The
simplest way to do that is to calculate & = 0, given that the result is the same for each day of the year.
We have:

WL c
W) f f 17 Aoen) 2 in g dpda =
dSp (T ' nnoon)dL -z 7TL5 eLTS >@2

CyRS
= — = J J 7+ figyn Sin B dfda
mL> (e”s - 1) 002" 2
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But we have:
7 Agyn = (—€1) - (sinB cosa é; +sinBsina é, + cosfé;) = —sinf cosa
Hence, we can write:

W(L) ClRSZ fE Jn
Wi _ cosada | sin?pdp
dSP (T * nnOOn)dL 7TL5 (efTZS —_ 1) OQZ 2 °

Let’s consider now that

T

2 2
f cosada = dsina = 2
_r _r

2 2

fosm Bdp = f 1_LS(Zﬁ)dﬁ—l< ——f d(sm(Z,B))) (n—%[sm(Zﬂ)] ) 72T

So, we have

w(L) C1R%
Eq. 34 I(L) & =
(Ffinoon)dSpdL L5<6LCT25—1>0—9.2

where Rg = 696 - 10°m is the radius of the Sun at the level of its photosphere. As for 0Q, it is a
function of @, since the orbit of the Earth around the Sun is an ellipse (Figure 9) whose parametric
equation, with respectto 0'; x', y', z" is:

Eq. 35 00(6") = !

GMsME GEMEME 2MyE

+Si1’l(9) T-I- 2

where Mgis the mass of the Sun, Myis the mass of the Earth, G is the gravitational parameter, [ is
the angular momentum of M, and E is its total energy. The orbit can be derived from the gravitational
law, of course (4). Now, instead of calculating [ and E, we can just consider these two conditions:

T 1
Z)=147.10-10° —— =147.10-10%k
00 (2) 147.10 - 10° km o JATB m o (B =112-10"%km™

T 1 _ . 10-%%m -1
0 (—E)=152.1O-106km - =152.10-10° km A =669 107" km

1

Eq- 36 O_Q(HI) = %69 112

109km  1010km

sin(8")

But we have 8’ =8 + A and also 8 = 133% when 8’ :g and also that 8’ = 8 + A, so we can
conclude that

132" yasa= T3 (1 26) (
= 2365 T AT AT 365 "\2 365/ "
20

365 — 52) 313

730 ) "730

NI:I



1

Eq. 37 m(@) = 669 112

10%m  1010km

] 313
sm(9+7rm)

Apoapsis Periapsis
3 July 3 January
:'. y ]
N

“oeeeed N Winter solstice
! 21 December

Figure 9. The orbit of the Earth around the Sun is an ellipse with the Sun in one of the two focal points. The eccentricity of the orbit
has been exaggerated in this picture.
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00 (krn)

1.5e+008

1.45e+008

1.4=+008 L L
100 200 200
day of the year

Figure 10. The distance between the Earth and the Sun in function of the day of the year.

The diagram of this function is reported in Figure 10. By substituting 0Q(8) in Eq. 34 we obtain the
expression of the emission, per unit of orthogonal area, per unit wavelength, outside the atmosphere,
in function of the day of the year and the wavelength:

w(L) _ C1R%

(f"ﬁnoon)dsPdL N )ICTZ 1 2
L3(e*'s-1 6.60 112 313)

——+—~——sin(0+n=—"~
109%km 1010km ( 730

Eq. 38 I(L,0) 2
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The diagram for this function is reported in Figure 11 for both the winter solstice and the summer
solstice.

21 December 21 June

2000 2000

1500

1500

= 1000

3 1000

500

500

0 0.5 1 25 3 0 0.5 1 25 3

15 15 )
wavelenght () wavelenght ()

Figure 11. Radiant emission of the Sun, per unit of orthogonal area, per unit wavelength, outside the atmosphere in correspondence of
winter solstice (left) and of the summer solstice (right).
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day of the year
Figure 12. Radiant emission of the Sun, per unit of an orthogonal area outside the atmosphere in function of the day of the year.

As for the total power emitted per unit area by the Sun outside the atmosphere, we have to integrate
Eq. 34 with respect to L. According to the Stefan-Boltzmann law (see 3.1) we have

Eq. 39 [ ——2—dL =5.670-10"8——T¢

24
m<K
L5<eLTS—1>

Thus, we can write
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) C RZ RZ © C R2T4
Js=f L d/1=0—§zf ———dL===5670-10"°
0 J5 (eLTS — 1) 002 0 5 (eLTS - 1)
R2T& w 1.614-10M*wW
Eq. 40 J5(0) = 5555555670 - 1078 o = —=

The diagram of J5(8) is the one in Figure 12. The maximum —

21('4-=>

in correspondence of the periapsis —

is of 1514 W /m?, while the minimum is 1416 W /m?. This model is not accurate, as we will see in
the next paragraph, because of the assumption that the Sun behaves as a black body. In fact, in reality,
the maximum is 1399 W /m? with the minimum being 1309 W /m? (3). The following one is the

code used to plot Figure 11 and Figure 12.

% file name = sun emissive power outside
% date of creation =01/11/2019
% sun emissive power per unit area , per unit wavelength
clear all
% three parameters of the orbit
A =6.69%( 107(-9) );
B=1.12*(10~(-10) );
delta = pi*313/730;
% the two parameters of Plunk's law
C_1=3.7415%( 107(-16) );
C_2=1.4388*(107(-2) );
% Stefan-Boltzmann parameter ( W/( (m”"2)*(K”4) ) )
SB =5.670*( 10/(-8) );
% radius of the photosphere (m)
R_S =696*(1076);
% temperature of the photosphere (K)
T_S=5875;
% the array of theta
theta(1) =
i_ws=1;
day = 2*pi/365;
days =[1:1:366];
fori=2:366
theta(i) = theta(i-1) + day;
if (abs( theta(i) - (pi/2) ) <= day )
i_se=i;
endif
if (abs( theta(i) - pi ) <= day)
i_ss=i;
endif
if (abs( theta(i) - (3*pi/2) ) <=day)
i_ae=i;
endif
endfor
% the array of the radius (m)
fori=1:1:366
o_omega (i) = (1073)/[ A + ( B*sin(theta(i) + delta ) ) ];
endfor
% the array of the global radiant energy
fori=1:1:366
J(i) = ((R_S/o_omegal(i) )*2 )*SB*(T_S)"4;

% 1/km
% 1/km

% W*mA2

% mK

% m

% winter solstice (21/22 December)

% spring equinox (20 March)

% summer solstice (20/21 June)

% autumn equinox (22/23 September)

% m



endfor
% the coordinates of the orbt with respect to Oxy
fori=1:1:366
X(i) = o_omega (i)*cos( thetal(i) );
Y(i) = o_omega (i)*sin( theta(i) );
endfor
% the array of lambda in micron for the ultraviolet radiation
lambda_micron (1) = 0.01;
delta_UV =( 0.4 -0.01)/10;
forj=2:11
lambda_micron (j) = lambda_micron (j-1) + delta_UV;
endfor
% the array of lambda in micron for the visible spectral region
delta_VS = (0.7 - 0.4)/10;
forj=12:21
lambda_micron (j) = lambda_micron (j-1) + delta_VS;
endfor
% the array of lambda in micron for the near infrared spectral region
delta_NI=(3-0.7)/10;
for j=22:31
lambda_micron (j) = lambda_micron (j-1) + delta_NI;
endfor
% the array of lambda in micron for the intermediate infrared spectral region
delta_Il = (25 - 3)/10;
for j=32:1:41
lambda_micron (j) = lambda_micron (j-1) + delta_ll;
endfor
% the array of lambda in micron for the far infrared spectral region
delta_FI = (1000 - 25)/10;
for j=42:51
lambda_micron (j) = lambda_micron (j-1) + delta_Fl;
endfor
% the array of lambda in metres
lambda = lambda_micron*( 10(-6) );
% the array of the emissive power (W/(m”2)*micron)
fori=[i_ws,i_ae,i_ss,i_se]
for j=1:51
num = C_1*( (R_S)*2);
den = [ (lambda(j)*5)*( (eA(C_2/( lambda(j)*T_S))) - 1)*( (o_omega(i))*2 ) 1¥*10°6;
power(j) = num/den;
endfor
% plotting
figure(i)
plot (lambda_micron (1:31), power(1:31), '-k', "linewidth", 2)
xlabel('wavelenght ({\mu})');
ylabel("W/{\mu}m~{2});
axis ([0,3,0,2100]);
grid minor on
endfor
% plotting
figure(400)
plot ([1:366], J, '-k', "linewidth", 2)
xlabel('day of the year');
ylabel("W/m~{2});
axis ([0, 366, 1400, 1550])
grid minor on
text (1, 1530, "21/22 Dec.")

24



text (i_se, 1530, "20 March")

text (i_ss, 1530, "21 June")

text (i_ae, 1530, "22/23 Sept.")

hold on

plot ([i_se,i_se], [1400,1520], '-k', "linewidth", 1)
plot ([i_ss,i_ss], [1400,1520], '-k', "linewidth", 1)

plot ([i_ae,i_ae], [1400,1520], '-k', "linewidth", 1)
plot ([366,366], [1400,1520], '-k', "linewidth", 1)

2.5 The Beer-Bouguer-Lambert law

When solar radiation encounters the atmosphere, there is a loss of energy that is proportional to the
length of the path across the medium. This loss is called extinction or attenuation and it is due mainly
to absorption and to scattering (5). We say that we have absorption when a photon hits an atom’s
electron with an energy equal to the amount of energy required for the electron to skip from its orbital
to the one with higher potential. The result is a loss of energy for the radiant emission (6). The electron
that is hit by the electromagnetic field can also oscillate because of it, thus becoming a source of
radiation, in turn, whose energy comes from the energy of the electromagnetic field. This
phenomenon, called scattering, is another way the solar radiation loses energy when it goes through
the atmosphere.

atmosphere

“I(L,6,a +da)

P
o Earth

Figure 13. Let the atmosphere have a thickness d. Then the distance to be covered for the emission from the sun, in order o reach the
soil at sea level is OP = d/ cosy.

Infrared radiation is mainly absorbed by 0,, H,0,C0, and N,0. This absorption happens mainly
within the troposphere!. On the other hand, the absorption of ultraviolet radiation is due mainly to the
layer of Ozone (0O3) which can be found at a height between 20 km and 30 km. In order to derive a
law for the phenomenon of extinction, consider the slice of the atmosphere in Figure 13 (7). With
respect to the axis a whose origin is on the outer bound of the atmosphere, we have:

Eq. 41 I(L,B,a+da)—I(L,9,a)=$da+o(da)

L1t is the lower layer of the atmosphere. Its upper bound has an average height of about 10 km. The stratosphere lies just
above the troposphere and its upper bound has a height of about 40 km (7).
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a1(L,0,a)

We make the assumption that p

is proportional to I(L, 6, a) according to a parameter (L) >

0. Since 299 has to be negative (there is a loss in energy, because of the extinction), we have
Eq. 42 HEED — —p(L)I(L,6,)

This differential equation can be integrated by separation of variables, and we get:

1(L,6,a)

4o pwyda= d_pw f “dt=1n
I 0

1,0,a=0) |

I1(L,0,a)

ILoa=0 Pla

Consider now that I(L, 8,a = 0) is the radiant energy just outside the atmosphere, exactly the value
that we calculated in Eg. 38. Hence, we can write:

2
Eq. 43 I(L,6,a) =1(L,6,a = 0)e FIa = = C1Rs _e~BWa
L5 em—1>( L )
( ke 1o e (0+7730)

I(L,m) [W/m?u]

L[u] B(L)d
m=0 | m=1|m=4 | m=7 | m=10

0.15 0.07 0.0 0.0 0.0 0.0 + 0

0.20 10.7 0.0 0.0 0.0 0.0 + 0

0.25 70.4 0.0 0.0 0.0 0.0 +co

0.30 514 4.1 0.0 0.0 0.0 4.83

0.35 1093 481 40.8 3.5 0.3 0.821
0.40 1429 850 179 37.6 7.9 0.520
0.45 2006 1388 460 153 50.6 0.368
0.50 1942 1451 606 253 106 0.291
0.55 1725 1337 622 289 135 0.255
0.60 1666 1320 656 326 162 0.233
0.65 1511 1257 724 417 240 0.184
0.70 1369 1175 744 471 298 0.153
0.75 1235 1077 713 473 313 0.137
0.80 1109 981 679 470 326 0.123
0.90 891 449 184 92.3 50 0.423
1.00 748 580 354 224 144 0.195
1.50 288 151 88.3 60.2 39.4 0.341
2.00 103 69.9 36.1 17.9 6.5 0.294
5.00 3.79 2.78 1.71 1 0.54 0.224
10.00 0.24 0.0 0.0 0.0 0.0 +o0
1000 0.0 0.0 0.0 0.0 0.0 -

Table 1. Average values of the flux of energy from the sun, at sea level, in function of the air mass m and of the wavelength L (3).
The values for B(L)d have been derived from these empirical data, using the Beer-Bouguer-Lambert law.

But we are interested in what happens at sea level, so we have a = OP = d/ cosy — with d being the
thickness of the atmosphere — (see Figure 13) and the value of I is:
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d C.R2 __BWd
) = = ) > € TTnoon
2
s LT 1
L (e S_1>< 669 112 _ (9+ 313))
10%m 1010km° "\ 730

where we have considered that cosy = 7 - fi,,00n. COnsidering Eq. 7 we can also write

Eq. 44 1(L6,a=

cosy

B(L)d

Clee cos A cosYPnoon Sin 0—(cos Asin Ppnpon cos 6+sin A1sin §) cos

Cy 2
s ,LTg_ 1
L (e S 1>< 669 112 sin(9+n313)>
10%m 1010km 730

where 1,05 1S the value that i has at noon. The problem is now to find the function 8 = B(L). In
order to achieve that goal, we can use a set of empirical data from (3) (see Table 1) and then
interpolate them. But before doing that, we have to introduce the definition of air mass: it is the ratio
between the path covered by sun rays through the atmosphere and the thickness of the atmosphere
(8). This quantity is usually indicated m and if we consider Figure 13 we have

Eq. 45 I(L,0,1) =

Eq. 46 m= LPI _dfcosy _ 1

PP d cosy
which means that

_1 — coc—1 (L
Eq. 47 COSy = — &y = Cos (m)

100

y (degress)

alr mass

Figure 14. The diagram of the function y = y(m).

The diagram of y = y(m) is reported in Figure 14. We can also write:

1
€c0S A oS Pyoon Sin 8—(cos A sin Py pon cOs §+sinAsin &) cos 6

Eq. 48 m =
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and we have the Beer-Bouguer-Lambert law:

— — -mB(L)d _ 1. I(Lm)
Eq. 49 I(L,m) =1(L,m = 0)e o [f(L)d = mln =0

If we now consider the values of Table 1 corresponding to L = 5u, we have

Im=1) | 278

MLm= = 379 = O = B()d =031

pm=4 L7 p5yd = B(5)d = 0.20
NLm=0) 379~ #®d=E0)

AQm=7) | 100
ML m=0) 379~ 7FG)d=E(3)d =019

GLm=10) 054 0 25)d = B(5)d = 0.19
"Lm=0) 379 BB)d = p5)d =

wavelength ()

Figure 15. The values of B(L)d, where B(L) is the extinction coefficient in function of the wavelength L and d is the thickness of the
atmosphere.

We can then calculate the average value for g(5)d, which is 0.22. In the same way, we can calculate
the other values for B(L)d that are reported in the last column on the right of Table 1. The calculation
of some of these values is reported in what follows:

69.9 1 36.1 17.9 1 6.50
_ ln1—03+zlnﬁ+;lnﬁ+ﬁlnm_
B(2)d = — 1 =0.29
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lnE+llnﬁ+lln@+llnﬁ
,3(150)d - _ 288 4 288 4-7 288 10 288 = 0.34
580 1 354 1 224 1 144
_ ﬁ+zlnm+;ln%+ﬁlnm_
B(1.00)d = 1 =0.19

(0.3)d = —1 4'1—483
plO3d = —Ing =4

The values for S(L)d in Table 1 are plotted in and have been evaluated by the following code.

% file name = beta_mean
% date of creation =4/11/2019
clear all
% empirical data
tab (1, 1:6) = [ 0.35, 1093, 481, 40.8, 3.5, 0.3 ];
tab (2, 1:6) =[ 0.40, 1429, 850, 179, 37.6,7.9 ];
tab (3, 1:6) =[ 0.45, 2006, 1388, 460, 153, 50.6 ];
tab (4, 1:6) = [ 0.50, 1942, 1451, 606, 253, 106 ];
tab (5, 1:6) =[ 0.55, 1725, 1337, 622, 289, 135 |;
tab (6, 1:6) = [ 0.60, 1666, 1320, 656, 326, 162 ];
tab (7, 1:6) = [ 0.65, 1511, 1257, 724, 417, 240 ];
tab (8, 1:6) =[0.70, 1369, 1175, 744, 471, 298 ];
tab (9, 1:6) = [ 0.75, 1235, 1077, 713, 473,313 ];
tab (10, 1:6) = [ 0.80, 1109, 981, 679, 470, 326 ];
tab (11, 1:6) = [ 0.90, 891, 449, 184, 92.3, 50.0 ];
tab (12, 1:6) = [ 1.00, 748, 580, 354, 224, 144 ];
tab (13, 1:6) = [ 1.50, 288, 151, 88.3,60.2, 39.4 ];
tab (14, 1:6) = [ 2.00, 103, 69.9, 36.1, 17.9, 6.50 ];
tab (15, 1:6) = [ 5.00, 3.79, 2.78, 1.71, 1.00, 0.54 ];
% the array of beta
beta (1,1) = 4.83;
beta (1,2) =0.30;
fori=1:15

beta (i+1,1) = -( log( tab(i, 3)/tab(i, 2) ) + ( log( tab(i, 4)/tab(i, 2) )/4 ) + ( log( tab(i, 5)/tab(i, 2) )/7 ) + ( log( tab(i, 6)/tab(i,
2))/10) )/4;

beta (i+1,2) = tab (i, 1);
endfor
% plotting
plot (beta (1:16, 2), beta (1:16, 1), '-k', "linewidth", 2)
xlabel('wavelength ({\mu})');
ylabel('{\beta}(L){\cdot}d');
grid minor on
save beta.mat beta
save table.mat tab

2.6 Monochromatic emissive power at sea level

To calculate the emission of the Sun at sea level, in function of the latitude and of the day of the year,
we must use Eq. 44. The problem with that equation is in the extinction coefficient. We only know
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some values of (L)d, for just some wavelengths (see Table 1), while we need a continuous function.
One way to solve this problem is to interpolate the values in Table 1, with the method presented in
paragraphs 3.2 and 3.2.1. Now that we have the function S(L)d, we can write a code like the one
presented in paragraph 2.4, with just a few changes. In particular, we have to calculate # - 11,5, and
for that purpose, we can use some lines from the code till_dusk (see paragraph 1.9). The code is the
following one and its output for a latitude of 42° is the diagram in Figure 16. If we set a latitude of
—32°, we get the diagram in Figure 17.

% file name = sun emissive power sea level surface
% date of creation =15/11/2019
% sun emissive power per unit area, per unit wavelength at sea level

clear all

% three parameters of the orbit

A =6.69%(107(-9) ); % 1/km
B =1.12*( 107(-10) ); % 1/km

delta = pi*313/730;
% the two parameters of Plunk's law
C_1=3.7415%( 107(-16) ); % W*mA2
C_2=1.4388*(107(-2) ); % mK
% Stefan-Boltzmann parameter ( W/( (mA2)*(K*4) ) )
SB =5.670*( 10/(-8) );
% radius of the photosphere (m)
R_S=696*(1076); % m
% temperature of the photosphere (K)
T_S=5875;
% conversion of units of measurments
lambda = 42*pi/180; % latitude (radiants)
delta = 23.45*pi/180; % tilt angle
% the array of theta
theta(1) = 0; % winter solstice (21/22 December)
i_ws=1;
day = 2*pi/365;
days =[1:1:366];
fori=2:366
theta(i) = theta(i-1) + day;
if (abs( theta(i) - (pi/2) ) <= day )
i_se=i; % spring equinox (20 March)
endif
if (abs( theta(i) - pi ) <= day)
i_ss=i; % summer solstice (20/21 June)
endif
if (abs( theta(i) - (3*pi/2) ) <= day)
i_ae=i; % autumn equinox (22/23 September)
endif
endfor
% the array of the radius (m)
fori=1:1:366
o_omega (i) = (10”3)/[ A + ( B*sin(theta(i) + delta) ) ]; % m
endfor
% the array of the wavelength in micron
N =471;
L(1) =0.3;
L(N) = 5.0;
delta_L = ( L(N) - L(1) )/(N-1);
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forj=2:N-1
L (j) = L(j-1) + delta_L;
endfor
% the array of beta*L
load beta_int.mat S
% the array of L in metres
L_m = L*( 107(-6) );
% angle psi
psi(1) = 0;
minute = pi/(12*60);
fori=2:(24*60)+1
psi(i) = psi(i-1) + minute;
endfor
% angle between n and r at noon
fori=1:366
for j=1:(24*60) + 1
% scalar product between nand r
scalar_p(j) = [cos(lambda)*sin(psi(j))*cos(delta) + sin(lambda)*sin(delta)]*\
( -cos(theta(i)) )+ [(-1)*cos(lambda)*cos(psi(j))]*( -sin(theta(i)) );
endfor
% value of psi at noon
for j=1:(24*60) + 1
if (( scalar_p(j) ) == (max(scalar_p)))

j_noon =j;
psi_noon (i) = psi(j);
endif
endfor

% angle between n and r at noon
cos_gamma (i) = scalar_p(j_noon);
endfor
% the array of the monochromatic emissive power (W/(m”2)*micron)
fori=1:366
for j=1:N
num = C_1*( (R_S)*2);
den = ((L_m(j)*5)*( (eM(C_2/(L_m(j)*T_S))) - 1)*( (o_omega(i))*2 ) )*10"6;
power(j,i) = ( num/den )*( e*(-S(j)/cos_gamma (i)) );
endfor
endfor
% 2D plotting
figure (1)
plot (L (1:N), power(1:N,i_ws), '-k', "linewidth", 2)
hold on
plot (L (1:N), power(1:N,i_se), '--k', "linewidth", 2)
hold on
plot (L (1:N), power(1:N,i_ss), '-:k', "linewidth", 2)
hold on
plot (L (1:N), power(1:N,i_ae), '-.k', "linewidth", 2)
xlabel('wavelenght ({\mu})');
ylabel("W/{\mu}m~{2});
axis ([0.3,2,0,1500])
tit = ["Latitude: ", num2str(lambda*180/pi)," degrees"];
title (tit)
legend ('winter solstice','spring equinox','summer solstice', 'autumn equinox', "location",'NORTHEAST')
hold on
plot ([0.4,0.4], [0,1500], '--k', "linewidth", 1)
plot ([0.7,0.7], [0,1500], '--k', "linewidth", 1)
grid on
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% 3D plotting

figure (2)

colormap ([0,0,0])

mesh([1:10:366], L (1:N), power(1:N,1:10:366));

grid on

xlabel('day of the year');

ylabel('wavelenght ({\mu})');

zlabel("W/{\mu}m~{2});

axis ([1,366,0.3,2,0,1530])

tit = ["Latitude: ", num2str(lambda*180/pi)," degrees"];

title (tit)
Latitude: 42 degrees
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Figure 16. The monochromatic emissive power of the sun, at noon, at sea level, at a latitude of 42° N, in function of the wavelength,
for winter solstice, spring equinox, summer solstice and spring equinox.
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Figure 17. The monochromatic emissive power of the sun, at noon, at sea level, at a latitude of -32° N, in function of the wavelength,
for winter solstice, spring equinox, summer solstice and spring equinox.
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Figure 18. The monochromatic emissive power of the sun at noon, at sea level, at a latitude of -32° N, in function of the wavelength
and of the day of the year.
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CODE 5 also plots a 3D version of the monochromatic emissive power at sea level, where the
emissive power is considered a function of both the wavelength and the day of the year Figure 18.

2.7 Sun emissive power at sea level

For the emissive power at sea level (let’s say Jg), we have to integrate Eq. 44 for L that goes from
zero to oo, analogously at what we did in par. 2.4. We get

BL)d

1 o0 ClRée_?'ﬁnoon

2Jo Cy
1 5| pLTg_
< 6.69 + 1.12 . (6+ 313)) L (e S 1)
-Sin 71'_730

109%km 1010km

Eq. 50 JL(0) = dL

As the reader might have noticed, we can’t now use EQ. 63 (as we did in par. 2.4) because we have
now the function of extinction inside the integral. But if we consider the interpolation of B(L)d
proposed in par. 3.2.1, we can write

S __si@
an C1R§g Tfinoon dL = 2"_1 Liy1 C1R§e Tfnoon
- 4i=1

Ly C2 L; C2
L5( elTs-1 L5( elTs-1

Now, if we consider Eg. 90, we have

Eq. 51 dL

3 3
Mitq(L=Li)"+M;(Li41-L)
() , 6(Lit1-Ly)
an CiRge TNnoon dL _ 2”_1 Liyq1 C1R35e TNMnoon
— 4i=1

LS| elTs—1 L5( elTs—1

For the integral within the sum, we can write

t CiL+Di

Eq. 52 dL

3 3
Miyq(L-Lj) +Mi(Liyq-L)

rCiL
6(Liy1-L;) ;
5 _AL Lit1 o Anoon
CiRse Tmnoon 23 dL
Li Ls (eLTS - 1)

and with a few passages, we get

2 2
(Mg 1 =ML =3(Mjy g Li=MLig1)L2+[3(Miq 1 LF -MiLF, ) +6Ci(Ligq—L)|L
j«LHl e 67 finoon (Liy1-L;)
L
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This is an integral of the following type:

3 3
MLy, =My 117 =6(Liy1—Li)D;
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dL

ax3+bx%+cx

fe—ﬂ
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Eq. 53

34



| have tried to solve it analytically, without success (but it might still very well have an analytical
solution). So, the only available avenue is to solve the integral numerically. We can use the expression
of B(L)d calculated by interpolation in par. 3.2.1 and apply Simpson’s method of integration. Given
the function f:[a, c] — R, Simpson’s method states that its integral in [a, c] can be approximated
with the integral below the parabola in Figure 19. Hence, we can write:

Eq. 54 [ FGdzx = (¢ — a) LA OO

While writing a code, if we name int,, the value of the area for the nt" iterate and if f,, is the value
of f in x,,, we have

Eq. 55 int,,, = int, + ZAxanfn;ﬂ

where we have assumed that A= x,,; — x,, for any value of n (9).

y
f(x)

f(b) f---mmmmmmmeeeos

£
fl@ |----

Figure 19. Simpson’s method. The integral of f: [a, c] is approximated with the area below the parabola for the three points: [a, f(a)],

[b, f(b)] and [c, f(c)].

That said, we can easily write the following code, which uses the values of B(L)d calculated by
CODE 7. It numerically integrates the interpolated function S(x) within each of the intervals
[x;, x;+1 ]. With the symbolism adopted in par. 3.2 and considering the numeric method in Eq. 54, we
have

L = 20, i) AL +3Ai) +filki+280)

2A Si(Li + ZAL) + 4Si(Li + BAL) + Si(Li + 4Al) n

' 3
+2A-fi(fi + 44;) + 4f;(fi + 54;) + fi(L; + 64;) PR
l
3
Eq. 56 [l s (L) dox =
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= TAZ [fi(L; + 2k — 2)A) + 4f;(L; + (2k — DA) + fi(L; + 2kA)]
k=1

with A; = - Lirs=li and m and odd number (it must be odd, to use Simpson’s algorithm). Then we have:

SIS f (Lt k=2 A)+4F i (Li+(2K—1DA) +F(Li+2KkA)]

Eq. 57 J5(6) =

2
( : )
6.69 112 313
+ sin| 0+moo+
109%km 1010km ( 730)

The code that calculates J¢(6) uses almost all the lines of CODE 5, which calculates the functions
fi, f2, -» fn_1. Then it performs the numerical integration. The output for a latitude of 42° north can
be found in Figure 20.

Latitude: 42 degrees
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Figure 20. Sun emissive power at sea level at a latitude of 42 degrees north.

% file name = sun emissive power sea level_integration
% date of creation =07/11/2019
% sun emissive power per unit area, per unit wavelength at sea level

clear all

% three parameters of the orbit

A =6.69%( 107(-9) ); % 1/km
B=1.12*%(107(-10) ); % 1/km
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delta = pi*313/730;
% the two parameters of Plunk's law
C_1=3.7415%( 107(-16) );
C_2=1.4388*( 107 (-2) );
% Stefan-Boltzmann parameter ( W/( (m"2)*(K”4)))
SB =5.670*( 107(-8) );
% radius of the photosphere (m)
R_S =696*(1076);
% temperature of the photosphere (K)
T_S=5875;
% conversion of units of measurments
lambda = 42*pi/180;
delta = 23.45*pi/180;
% the array of theta
theta(1) = 0; % winter solstice (21/22 December)
i_ws=1;
day = 2*pi/365;
days =[1:1:366];
fori=2:366
theta(i) = theta(i-1) + day;
if (abs( theta(i) - (pi/2) ) <= day)
i_se=i; % spring equinox (20 March)
endif
if (abs( theta(i) - pi ) <=day)
i_ss=i; % summer solstice (20/21 June)
endif
if (abs( theta(i) - (3*pi/2) ) <= day)
i_ae=i; % autumn equinox (22/23 September)
endif
endfor
% the array of the radius (m)
fori=1:1:366
o_omega (i) = (10”3)/[ A + ( B*sin(theta(i) + delta) ) ];
endfor
% the array of the wavelength in micron
N =471;
L(1)=0.3;
L(N) =5.0;
delta_L = ( L(N) - L(1) )/(N-1);
forj=2:N-1
L (j) = L(j-1) + delta_L;
endfor
% the array of beta*L
load beta_int.mat S
% the array of L in metres
L_m =L*( 107(-6) );
delta_L_m = delta_L*( 107(-6) );
% angle psi
psi(1) = 0;
minute = pi/(12*60);
fori=2:(24*60)+1
psi(i) = psi(i-1) + minute;
endfor
% angle between n and r at noon
fori=[i_ws,i_ae, i_ss, i_se]
for j=1:(24*60) + 1
% scalar product between nand r
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scalar_p(j) = [cos(lambda)*sin(psi(j))*cos(delta) + sin(lambda)*sin(delta)]*\
( -cos(theta(i)) )+ [(-1)*cos(lambda)*cos(psi(j))]*( -sin(theta(i)) );

endfor

% value of psi at noon

for j=1:(24*60) + 1
if (( scalar_p(j) ) == (max(scalar_p)))

j_noon =j;
psi_noon (i) = psi(j);
endif
endfor

% angle between n and r at noon
cos_gamma (i) = scalar_p(j_noon);
endfor
% the array of the emissive power ( W/(mA2) )
fori=[i_ws,i_ae,i_ss,i_se]
for j=1:N
num =C_1*( (R_S)"2);
den = ((L_m(j)*5)*( (eM(C_2/(L_m(j)*T_S))) - 1)*( (o_omega(i))*2 ) )*10"6;
power(j,i) = ( num/den )*( e*(-S(j)/cos_gamma (i) );
endfor
% integration
power_int (1,i) =0.;
power_int (2,i) = power(2,i)*delta_L/2.;
for k=1:N-2
power_int (k+2,i) = power_int (k,i) + 2*delta_L*( power(k,i) + ( 4*power(k+1,i) ) + power(k+2,i) )/3.;
endfor
% plotting
figure(i)
plot (L (1:N), power_int (1:N,i), '-k', "linewidth", 2)
xlabel('wavelenght ({\mu})');
ylabel('W/m~{2}');
tit = ["Latitude: ", num2str(lambda*180/pi)," degrees"];
title (tit)
grid minor on
if (i==i_ws)
legend ('winter solstice', "location",'NORTHEAST')
endif
if (i==1i_se)
legend ('spring equinox’, "location",'NORTHEAST')
endif
if (i==1i_ss)
legend ('summer solstice', "location",'NORTHEAST')
endif
if (i==i_ae)
legend (‘autumn equinox’, "location",'NORTHEAST')
endif
hold on
plot ([0.4,0.4], [0,2500], '--k', "linewidth", 1)
plot ([0.7,0.7], [0,2500], '--k', "linewidth", 1)
endfor
% plotting
figure (400)
plot (L (1:N), power_int (1:N,i_ws), '-k', "linewidth", 2)
hold on
plot (L (1:N), power_int (1:N,i_se), '--k', "linewidth", 2)
hold on
plot (L (1:N), power_int (1:N,i_ss), '-:k', "linewidth", 2)
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hold on

plot (L (1:N), power_int (1:N,i_ae), '-.k', "linewidth", 2)
xlabel('wavelenght ({\mu})');

ylabel('W/m~{2}');

tit = ["Latitude: ", num2str(lambda*180/pi)," degrees"];
title (tit)

legend ('winter solstice','spring equinox','summer solstice', 'autumn equinox', "location",'NORTHEAST')
hold on

plot ([0.4,0.4], [0,2500], '--k', "linewidth", 1)

plot ([0.7,0.7], [0,2500], '--k', "linewidth", 1)

grid on
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3 Mathematical notes

3.1 Stefan-Boltzmann law

The so-called Stefan-Boltzmann law is the calculation of the improper integral in Eq. 39. Let’s
consider the substitution:

C2

Eq. 58 X =elf = [ = —2

Tlnx

C2
L=-—
d lenzxdx

Then we have

Cq T4C; oo Indx
Co dL f

Eq. 59 A _dL =
| fo L5<em—1> ¢ T ey

Let’s now consider the further substitution

Eq. 60 h=1=x=2dx=—-—dh
x h h?

We have the integral

Eq. 61 [o =Ttk gy
L5<em—1> Cy 1-h
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Figure 21. A table from the 1867 edition of Nouvelles Tables d’Intégrales Definiés. Equation 11 is the integral in Eq. 61 of the present
book.

This integral can be found here (10), equation 11 of table 109, page 157 (see Figure 21). The same
integral is reported in (11), on page 541. The solution is:
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3 4
Eq. 62 [t dh = ’1’—5~6.49394 =

Eq. 63 Jy = dL = —5m*~5.6696 - 107°T* —~

—2_ 15Cc%
L5<eLTS_1> 2

3.1.1 Integration by series

Sadly, these two tables of integrals mentioned, do not provide the method they used to find the
solution in Eq. 62. I will now provide a way to get that result. Let’s consider the series:

Eq. 64 1+h+h?+4-4+h*+.. =32 h*

This is the well-known geometric series, which converges to ﬁ for =1 < h < 1. It not only

converges; it is totally convergent within ]—1,1[ (its radius of convergence is p = 1) and this is easily
proved by application of the criteria by d’ Alembert (12). So, we have

Eq. 65 —=TPoh hel-11]=

Eq. 66

=Inh¥> k¥, he€]0,1]

We can now integrate Eq. 61 by series:

Eq. 67 [P™E = 32, [0 R* In® hdh
Eq. 68 [y ——dL _Tclzk o [ h¥1n3 hdh
L5<em—1>
If we now consider the substitution x2 = —Inh = h = e™*",dh = —2xe~*"dx, we have
Eq. 69 )R In® hdh =2 [ x7e~ 0+ gy

The reader might have recognized that we are now dealing with one of the integrals from the error
theory (13). Consider the following integral:

oo 2 1 oo 2 x=-+00 +oo 2
I(n,A) = f e dx = _ﬁf x(”_l)d(e_’b‘ ) = —-— (x(" De 2 )x o —f e dx(m=1 ) =
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0
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When n is odd, we have

noin-3n-5 nom e =D
20 224 21 "Toa TR _(2/1)—
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But we have

1) = " —Ax? g = e —Ax% 152 = L -Ax? g 2y — 1 —ax2 |t _ 1
1(1,)—f0 xe x—fo e x——ﬁo e (—Ax?) = —57¢ |0 =53
So, we get
Eq. 70 f0+°°x" —2x% gy ("—,11)"121/1 when n is odd

(21) 2

which means that for n = 7 and A = k + 1 we can write

© 7 _(k+1)x? _ 6! — 3
Eq. 71 J, x7e dx D)~ G

Thus, by substituting Eqg. 71 in Eq. 69 we have
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Figure 22. The exact solution of the improper integral of the Stefan-Boltzmann law (eg. 11), in the notes by a young Ettore Majorana,
when he was a student (about 1927, he was 21 or so). He wrote a reference to a previous page of his notes (on the right), where he
collected several numerical series, the Reimann zeta function for 4, among them.

By substituting Eq. 72 in Eq. 67 we get

Eq. 73 f‘”“ “dh = 65, = ~6.493937
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where | have used the first 100 addends of the series (a generalized harmonic series (14)) and | have
truncated the result at the 7™ digit. We get a pretty decent approximation of the exact result in Eq. 62.
The exact solution requires some considerations about the generalized harmonic series, more
precisely about the hyperharmonic series (see below). The substitution of Eq. 69 in Eg. 68 leads to
the expression:

Eq. 74 Iy dl = 252 By [} a7 00 dx = 6 TR B

LS (eLTS 1)

where we have also considered Eq. 71. This solution is the same one that we find in the notes by the
Italian physicist Ettore Majorana, written when he was a 21 years old student of engineering, around
the year 1927 (see Figure 22). In particular, the equation 1.371 of his notes, recently translated into
English by a group of Italian physicists (15), says:

4

o 3 1) oo —
Eqg. 75 f_‘" y dy=2k=1f_ooy3€ kydy=6(1+2i4+3l4+...)=”_

© e¥—-1 15

Now, at a first look, it might seem that this integral is different from the one of the Stefan-Boltzmann
law, but if we consider the substitution y = L™ in the left hand of Eq. 75 and the substitution y = x?2
in the integrals within the sum we get a more recognizable expression:

4

=Y, x7e7kx dx—6(1+214+314+~-)=”—

+ 00 dL
J s

0
L5<eL 1)

It is interesting to note that Majorana used the expressions of the integrals with the smaller exponents.

Eq. 76

3.1.2 Hyperharmonic series

The solution of Eqg. 73 requires the calculation of the sum 2?{21%, which is an example of
hyperharmonic series, whose general case is

) 1
Eq. 77 ((P) = Zh=1h—p,p =2,3,4..

The function { = {(x),x € R is named Riemann zeta function and we know from the work by
Leonhard Euler (1707-1783) its values for x = 2n:

(21‘[)2n

Eq. 78 {(2n) = 2]

|Bnl, n=1,2,..

where B,, are the so-called Bernoulli’s coefficients, and they are defined by the following equation
(16):

Eq. 79

X oo x
1 = Lm0 Bu Ty

| would like to say now that we won’t prove EQ. 87 because “this is beyond the scope of the present
book”, but to be honest the reality is that I have no idea how Euler derived Eq. 87, so even if we
needed to prove the general formula, 1 would not be able to deliver the proof. Luckily, in order to
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calculate the right hand of Eq. 74 we just need to calculate {(4). Consider the Fourier series (17) of
f:x v~ x?2, defined in [—m, 7]:

Eq. 80 x% = ay + Xy lay cos(kx) + by sin(kx)]

. . . 1 1 1,1 1 (x3\" n? -
For the first coefficient, we have ay = — [ x%dx == x?dx = —(—) = —. The coefficients
2m T m-0 n\3/g 3
by, by, ... are zero, since the integrand function is symmetric with respect to x = 0. Moreover, we

have:

1" 2 (™ 2 T
ay = —f x? cos(kx) dx = —f x2d(sin(kx)) = —{[x2 sin(kx)]7 —f sin(kx) d(xz)} =
T)_, mk J, k 0
4 (7" 4 (™ 4 T
= ——f x sin(kx) dx = — | xd[cos(kx)] = —=1{[x cos(kx)]§ —f cos(kx)dx; =
k J, k= J, k 0
4 1 4cos(kmr) 4(—1)k
= m{n cos(km) — " [sm(kx)]g} = 2 =
Hence, the Fourier series for f is
_1\k
Eq. 81 X2 =T aye, [FRcostien
Now, since Parseval’s equality says that
Eq. 82 =" [ O1dx = 20} + iylaf + bi]
we can write
zjn 4q 2”4+§: DA NI, S 4+16§: !
—_ = 72— —_— = L— l—1
LT 2 5 J*
k=1 k=1
o (1 4
SR NE

which is the value {(4) we were searching for. By substituting it in Eqg. 74, the solution of the
improper integral called Stefan-Boltzmann law is completed.

3.2 Interpolation

Let’s suppose that we know a set of data (x;, f;), i = 1, 2, ..., n where f; is the value assumed by the
function f(x) for x = x;, with x; < x;,;. We want to find an expression for the function f(x). One
way to do that is to build a function S: [x;, x,] = R as a set of polynomials s;: [x;, x;.1] = R of the
third order (for instance) so that the following conditions are satisfied:

S(x1) = 51(x1)
Eq 84 S(Xi) = Si_l(xi) = Si(xi) = fl i=2,..,n—1
S(xn) = Sn(xn)



Eq. 85 si_1(x) =s{(x)) i=2,.,n—1

Eq. 86 s ) =s{'(x)) i=2,..,n—-1
y
f(x2)
FOx0) S)~f(x)
f(x1)
X

One way to impose the conditions in Eq. 86 is through the following relationships:
Eq. 87 silix) =s{'(x)=M; i=2,..,n-1

A possible way to have these conditions verified is the following one:

Eq. 88 si'(x) = Mi“(x_;")ﬂi"(x"“_x) i=1,.,n-1
i+1~ 40

which gives s;"(x;) = M; and s;’ (x;,1) = M;,1 which is exactly Eq. 87. By integration of Eq. 88 we
get:

. v N2 _nNg. . _ 2
Eqg. 89 si(x) = Migs )" M1 =) + C; i=1..,n—-1

2(xj41—x¢)

With further integration we get:

, —:)3 (xs s —x)3
Eqg. 90 si(x) = My Cemxy) +Mi (i =0)7 Cx+D; i=1.,n-1

6(xi41—x)

Considering Eqg. 89, the conditions in Eq. 85 give:

Eq. 91 M) — ¢ - ¢y i=2,.,m-1

On the other hand, by substituting Eq. 90 in Eq. 84 we get

M;(xi—Xi_1)*

Eq. 92 s

(s o —x:)2
+Ci_1xi+Di_1=M+Cixi+Di=fi i=2,..,n—1

From these relationships we can write:
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M1 (xi4q — x;)? (c - firn = fi (Mg = M) (X1 — X3)

i

(Cixi+1 +D; = fiy1 —

6 N X — X 6 =
M;(xi41 — %;)? M; (i1 — x;)?
Di =fi T l+; i _Cixi Di :fi_ l( l+; l) _Cixi
C. = fivr=fi  (Mip1—Mi)(Xi41—%;)
Eq. 93 B S i=1,.,n—1
p, = i~ finaXi | Mo Mikiva oy )

Xit1—Xi 6

If we substitute Eq. 93 in Eq. 91 we get

MiGtivr = Xim1) _ fra=fi  fimfior | MiGin = Xia) = Mica O = Ximq) = Misa Gien = %)

2 Xit1 = Xi  Xi— Xi—1 6
Xi—Xi_ Xip1—Xj— Xig1—Xi _ fiva—Sfi  fi—fi- ,
Eq 94 1‘41:_1 i i—1 + Mi i+1 i—1 + 1\41.4_1 i+1 i — i+1 t_J1 i—1 i = 2' ".‘n _ 1
6 3 6 Xig1—™Xi  Xi—Xj—q

These are n — 2 equations for n unknowns, but we can still put M; = M,, = 0. By substituting
M;, M,, ..., M, in Eq. 93 we obtain C;, C;, ...,C,_; and D;,D,, ..., D,,_;. At this point we have the
solution from Eq. 90 (9).

]

=== - experimental piL)-d

i+ | == interpolation

RiL)-d
]

wavelength (1l

Figure 23. The values of B(L)d, where B(L) is the extinction coefficient in function of the wavelength L and d is the thickness of the
atmosphere.

3.2.1 Application to the extinction coefficient

If we apply the method of interpolation that we have just introduced to the extinction coefficient in
Table 1, we obtain the diagram in Figure 23. The code used to calculate the interpolation is the
following one.
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% file name = beta_interpolation
% date of creation =5/11/2019
clear all
n=16;
% load the array containing beta*d
load beta.mat beta
fori=1:16
x(i) = beta (i,2);
f(i) = beta (i,1);
endfor
% building the matrix of coefficients
matrix (1:n,1:n) = 0.;
matrix (1,1) = 1;
vector (1) =0.;
fori=2:n-1
matrix (i,i-1) = ( x(i) - x (i-1) )/6;
matrix (i,i) = ( x(i+1) - x (i-1) )/3;
matrix (i,i+1) = ( x(i+1) - x (i) )/6;
vector (i) = ( f(i+1) - (i) )/( x(i+1) - x (i) ) - (f(i) - £(i-1) )/(x(i) - x (i-1) );
endfor
vector (n)=0.;
matrix (n,n) = 1;
% solving the linear system
M = inverse(matrix)*vector’;
% calculating C and D
fori=1:n-1
C(i) = (f(i+1) - f(i) )/( x(i+1) - x (i) ) - ( M(i+1) - M(i) )*( x(i+1) - x (i) )/6;
D(i) = ( f(i)*x(i+1) - f(i+21)*x(i) )/( x(i+1) - x (i) ) + ( M(i+1)*x(i) - M(i)*x(i+1) )*( x(i+1) - x (i) )/6;
endfor
% the array of the wavelength
N =471;
L(1) = x(1);
L(N) = x(n);
delta_L = ( L(N) - L(1) )/(N-1);
forj=2:N-1
L (j) = L(j-1) + delta_L;
endfor
% the function that interpolates beta*d
S(1) = f(1);
S (N) = f(n);
forj=2:N-1
fori=1:n-1
if (and(L(j) > x(i), L(j) < x(i+1)) )

S(j) = Ci)*L(G) + D(i) + ((M(i+1)*( L() - x(1) )3 ) + ( M(i)*( x(i+1) - L(j) )*3 ) )/( 6*(x(i+1) - x(i) ) );

endif
if (LG) ==x(i) )
S(j) = f(i);
endif
endfor

endfor
% plotting
plot (beta (1:16, 2), beta (1:16, 1), '--k', "linewidth", 1)
xlabel('wavelength ({\mu})');
ylabel('{\beta}(L){\cdot}d');
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hold on

plot (L (:), S (:), "-k', "linewidth", 2)

legend (‘experimental {\beta}(L){\cdot}d', 'interpolation’, "location",'NORTHEAST')
grid minor on

save beta_int.mat S
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